Abstract. We develop a set of natural coordinates (α, β) on the moduli space of Euclidean tori using the combinatorial structure of circle packings. Surfaces with rational coordinates support Brooks packings, while surfaces with rational α and irrational β coordinates support generalized Brooks packings with periodic singularities.
Introduction
Paul Koebe [15] , E. M. Andreev [1] , and William Thurston [20, 19] independently showed that reasonable triangulations of the sphere, or equivalently, the disc, can be realized by circle packings. That is, given a combinatorial triangulation of a topological sphere or disc, there exists a geometric configuration of circles which provides an embedding of the original triangulation when the centers of tangent circles are connected by geodesics. Circle packings have since been heavily studied for their deep connections to analytic functions and applied to problems ranging from brain mapping [6, 18] to military surveillance [16] .
Alan Beardon and Ken Stephenson extended Koebe's, Andreev's, and Thurston's existence result to packings on Riemann surfaces [3] . Not every compact Riemann surface supports a packing, but Phil Bowers and Ken Stephenson showed that the packable surfaces are dense in moduli space [7, 8, 4, 5] .
A significant open question has been to connect the conformal structure of these surfaces with the combinatorial structure of the packings they support [18, 21, 2] . In this paper, we describe a family of packings created from triangulations of a rectangular grid. These symmetric Brooks packings are themselves dense and their combinatorial structure provides coordinates for moduli space.
After a brief introduction to the moduli space of tori in section 2 and an overview of circle packings in section 3, we describe how these packings provide natural coordinates for moduli space in section 4.
The moduli space of tori
Euclidean tori are of the form C/Γ, where Γ is a discrete group which we may assume without loss of generality to be generated by the translations z + 1 and Figure 1 . A fundamental region for PSL 2 (Z). All tori are conformally equivalent to R τ for some τ in this region.
z + τ , with τ in the upper half plane H [13, 14] . Conversely, each τ ∈ H determines a torus R τ . Two tori R τ 1 and R τ 2 are conformally equivalent iff (2.1) 3. Circle packings 3.1. Definitions and examples. Since William Thurston pointed out the connection between circle packings and analytic functions [20, 19] , packings have been widely studied.
Definition 3.1.
A circle packing is a locally finite configuration of circles with a specified pattern of tangencies. In particular, if K is a triangulation of an orientable topological surface, then a circle packing P for K is a configuration of circles such that
C v , C u , C w forms a positively oriented mutually tangent triple of circles if v, u, w is a positively oriented face of K, (4) P is locally finite; that is, any compact subset of the ambient space intersects at most finitely many circles of P . A packing is called univalent if none of its circles overlap, that is, if no pair of circles intersect in more than one point.
A univalent circle packing produces a geometric realization of its underlying triangulation. Vertices can be embedded as centers of their corresponding circles, and edges can be realized as geodesic segments joining centers of circles. The collection of triangles embedded in this way is called the carrier of the packing, written carr P . See Figure 2 . Figure 2 . Portions of the regular hex packing (left) in which every circle has degree 6 and the "ball-bearing packing"(right), named by Tomasz Dubejko and Ken Stephenson [11] , with its carrier illustrating its underlying grid structure. Figure 3 . Three circles form a rigid structure, while four can be moved, distorting the quadrilateral interstice between them.
3.2. Brooks parameterization of quadrilateral interstices. The requirement that our circles fit together according to the dictates of an underlying triangulation is necessary to give uniqueness to the structure. A minute's experimentation with 4 coins illustrates nicely how 3 circles will "stick" together with a fixed triangular interstice between, but 4 coins bounding a quadrilateral interstice can still be moved. See Figure 3 .
In his work on Schottky groups, Robert Brooks provided an extremely useful parameterization of these quadrilateral interstices [7, 8, 9] . Label two of the nontangent bounding circles as the "top" and "bottom" and the other two circles as the "left" and "right" sides. Add a very small circle tangent to the top and left circles, then increase its radius until it hits either the bottom or the right circle. Notice that one can always add a circle that hits at least 3 of the 4 sides. Label it "horizontal" if it hits the top and bottom and "vertical" if it hits the left and right sides. Notice that in general a quadrilateral interstice will remain and the original labeling will extend in an obvious way to the new interstice, and so we may continue adding circles. See Figure 4 .
Let h 1 be the number of horizontal circles which can be added before a vertical circle must be added. Let v 1 be the number of vertical circles which can then be added before requiring a horizontal circle. Repeat this procedure to define h 2 , h 3 , . . . and v 2 , v 3 , . . . . Notice that if it is ever possible to add a circle which hits all four remaining sides, then only triangular interstices will remain and both h n and v n will be zero after that stage. The Brooks parameter is then defined as the continued fraction
The Brooks parameter will be rational if and only if the h n 's and v n 's eventually become zero. That is, the parameter is rational if and only if the procedure described above results in a circle packing inside the interstice. The infinite collection of circles encoded by an irrational parameter will accumulate on the bottom-right side of the interstice and thus cannot fulfill the local finiteness required in our definition of a circle packing. Brooks proved that the parameter depends continuously on the original four circles which form the quadrilateral interstice [8, 9] . The Brooks parameter thus provides a combinatorial analog of the conformal module of the interstice.
On the other hand, a positive number β can be uniquely decomposed into a continued fraction of the form (3.1). If β ∈ Q, this continued fraction encodes a (locally finite) triangulation K(β) of a rectangle which can be realized by a circle packing P (β). If β / ∈ Q, it also encodes a triangulation K(β) with a singularity at the bottom-right corner at which it is not locally finite. Since β and the radii of the four defining circles depend continuously on one another, K(β) can be realized by a configuration P (β) of circles which is not locally finite at the one singularity. We will follow the current literature and reserve the term "circle packing" for locally finite configurations and refer to such a P (β) as a generalized packing with a singularity.
Packings on surfaces. Alan Beardon and Ken
Stephenson showed that triangulations of surfaces can be realized by packings [3] .
Discrete Uniformization Theorem. For every (locally finite) triangulation K of an orientable surface, there is a unique Riemann surface S K which supports a circle packing filling S K and having K as its underlying triangulation.
The converse of the Discrete Uniformization Theorem is false for compact surfaces of genus g > 0 as there are only countably many combinatorially distinct triangulations for each g, but the moduli space M g is uncountable. However Bowers and Stephenson showed that the packable surfaces are dense in M g [4, 5] .
Density Theorem. For each fixed genus g > 0, the surfaces supporting a circle packing are dense in the moduli space M g of compact surfaces of genus g.

Bowers and
Stephenson's proof is essentially the following: Take an arbitrary compact surface of genus g > 0 and begin to cover it with circles. Circles can always be added until only triangular or quadrilateral interstices remain. Since the Brooks parameter varies continuously, the parameters of all the quadrilateral interstices can be made rational by an arbitrarily small change in the circles forming each interstice or, equivalently, by an arbitrarily small change in the conformal structure of the surface. Consequently there is a packable surface arbitrarily near the original.
Packing coordinates
Brooks packings.
Consider the graph G formed by an infinite two-dimensional simply connected rectangular grid and designate some vertex of G as v 0 and one of its neighbors as v 1 . G can be embedded in the plane as a square grid formed by line segments connecting the Gaussian integers and the vertices v 0 and v 1 embedded at the points 0 and 1, respectively. While we wish to continue treating G as a purely combinatorial graph, we will nonetheless borrow from this embedding the notions of "horizontal" and "vertical" directions in the grid in the obvious way.
If β > 0, then as described in section 3.2, β encodes a triangulation (possibly with a singularity) of a rectangle. Let K(β) be the graph resulting from triangulating each rectangle of G as specified by β, being careful to consistently apply the same notion of "top," "bottom," "left," and "right" throughout the grid so that the grid remains combinatorially invariant under "horizontal" and "vertical" translations. Notice that the Brooks procedure does not add any vertices to existing edges of G, so K(β) is a triangulation. Proof. If β ∈ Q, then K(β) is an infinite simply connected locally finite triangulation. The Discrete Uniformization Theorem thus implies the existence of a circle packing P (β) filling either D or C and unique up to conformal automorphisms of the ambient space. Suppose the packing fills D. Notice that K(β) has a Z × Z symmetry group, which implies the existence of a subgroup of P SL 2 (R), the automorphism group of D, which is isomorphic to Z × Z. Since no such subgroup exists, P (β) must fill C. One can also show that P (β) must fill C by applying the random walk criteria of Zheng-Xu He and Oded Schramm [12] , the electrical reasoning of Peter Doyle and J. Laurie Snell [10] , and the recurrence/transience results of George Pólya [17] .
Suppose β / ∈ Q. Since β and the radii of the four defining circles depend continuously on one another, if we take a sequence of rational numbers converging to β, the radii of the circles corresponding to vertices of the rectangular grid must Figure 5 . The infinite packing P (2). Notice that the Z × Z symmetry group forces all the large circles corresponding to vertices in the original grid to have the same radii.
converge to radii for circles whose quadrilateral interstices have Brooks parameter β. These interstices can clearly then be filled with circles in the pattern specified by β to produce the generalized packing with singularities P (β).
The uniqueness of P (β) for rational β and the continuous dependence of the circles on β imply that the same uniqueness of P (β) must hold for irrational β.
In the notation of Lemma 4.2, P (1) is simply the ball bearing packing of Figure 2 . Notice that in Figures 2 and 5 , the large circles corresponding to vertices of the original grid all have the same radius. The symmetry of K(β) and the uniqueness of P (β) imply that the same must be true for all β > 0. Proof. Suppose some circle C v had a different radius than the circle C v 0 which we normalized to be centered at 0. Because K(β) is combinatorially invariant under "vertical" and "horizontal" translations of the original infinite grid, there is a neighbor u of v and a graph automorphism γ of K(β) sending v to v 0 and u to v 1 . Now apply a conformal automorphism g to P (β) to translate C v to 0 and C u to 1, producing a new renormalized packing g(P (β)) for the triangulation γ (K(β) ). But the infinite triangulations γ(K(β)) and K(β) are combinatorially indistinguishable; thus g(P (β)) is a packing for K(β) itself. By the uniqueness part of Lemma 4.2, the radii of C v and C v 0 must be the same.
4.2.
Coordinates. Let K m,n (β) be the m×n rectangular piece of the triangulated grid K(β) with v 0 as its lower left vertex. Consider the portion of P (β) corresponding to K m,n . Scale this packing by 1/n so that C 0 remains centered at 0, but the circle in the lower right corner is centered at 1. Call this packing P m,n and let τ (m/n, β) denote the center of the circle at the upper left corner of the packing. By our normalization and the symmetry of P (β), each of circles in P m,n (β) corresponding to vertices of the original grid has radius 1/(2n). Because of our renormalization and the symmetry of P (β), τ (m/n, β) is well-defined.
By Lemma 4.3, P m,n (β) lifts to a Brooks packing on the torus R τ (m/n,β) . See Figure 6 .
Moreover, |τ (m/n, β)| = m/n since the line from 0 to τ (m/n, β) is comprised of 2m radii each of length 1/(2n). Thus as β varies, τ (m/n, β) sweeps out an arc of a circle centered at 0 of radius m/n. Notice that the argument θ of τ (m/n, β) depends only on β and there is a one-to-one correspondence f (β) between β and θ.
Notice that when β = 1, P m,n (β) is a portion of the ball-bearing packing and the edges of the underlying original form squares in carr P m,n (β). Thus τ (m/n, 1) = (m/n)i.
As β → ∞, the packings "slide to the right"; that is, the top and bottom circle of each quadrilateral interstice move closer together. In the limit, each circle will have 6 neighbors, producing the regular hex packing. Similarly, and as β → 0, the packings "slide to the left," and the left and right circles approach one another. The limit is again the regular hex packing. Thus as β varies from 0 to infinity, τ (m/n, β) sweeps out an arc of measure π/3 from (m/n)e i2π/3 to (m/n)e iπ/3 . We can extend the definition of τ (m/n, β) to τ (α, β) for positive real numbers α ≥ 1 by continuity. Notice that for α ≥ 1, and 0 < β < ∞, these arcs cover the fundamental region for PSL 2 Z pictured in Figure 1 . Consequently, we have the following theorem: As an immediate corollary, we also see that not only are the packable tori dense in the moduli space [4, 5] , but the tori which support Brooks packings in particular are dense.
